We study the interplay of disorder and bandstructure topology in a Weyl semimetal with a tilted conical spectrum around the Weyl points. The spectrum of particles is given by the eigenvalues of a non-Hermitian matrix, which contains contributions from a Weyl Hamiltonian and complex selfenergy due to electron elastic scattering on disorder. We find that the tilt-induced matrix structure of the self-energy gives rise to either a flat band or a nodal line segment at the interface of the electron and hole pockets in the bulk bandstructure of type-II Weyl semimetals depending on the Weyl cone inclination. For the tilt in a single direction in momentum space, each Weyl point expands into a flat band lying on the plane, which is transverse to the direction of the tilt. The spectrum of the flat band is fully imaginary and is separated from the in-plane dispersive part of the spectrum by the "exceptional nodal ring" where the matrix of the Green function in momentum-frequency space is defective. The tilt in two directions might shrink a flat band into a nodal line segment with "exceptional edge points". We discuss the connection to the non-Hermitian topological theory.
There are different topologically nontrivial realizations of the electronic band structure in three-dimensional systems. Among them are Weyl and Dirac semimetals. The band structures of these materials host electron and hole band-touching points in momentum space with a conical spectrum around them. The low-energy excitations in these systems are condensed-matter analogs of relativistic fermions, which are described by Weyl or Dirac Hamiltonians [1] [2] [3] [4] . Another example is a semimetal with a line of nodes in its bandstructure [5, 6] . It was also realized that the tilt of the conical spectrum around the Weyl points in momentum space results in a Lifshitz transition, whereby the point like Fermi surface transforms into electron and hole Fermi pockets connected to each other by a single point [7, 8] . This is the so-called type-II phase of a Weyl semimetal. The classification of three-dimensional Weyl fermions was extended to interacting systems in [9] . It was shown that the band structure of an interacting Weyl semimetal might host Weyl cones, which are surfaces separating the propagating fermionic states from the fermionic states with complex spectra. For a review on Weyl-Dirac semimetals see Refs. [10, 11] .
Recent research has focused attention on the topological properties of one-and two-dimensional optic [12] [13] [14] and electronic [15] [16] [17] [18] band structures of the so-called non-Hermitian systems. Typical examples are the electromagnetic field in amplifying or lossy materials or interacting electronic Dirac systems. In particular, the existence of topological "exceptional points" and bulk Fermi arcs in band structures of Dirac materials were predicted [12] [13] [14] [15] [16] [17] [18] .
The study of non-Hermitian topological objects in momentum space was extended to the three-dimensional Weyl system based on the model of a dissipative cold atomic gas [19] . It is well known that the Weyl points in Hermitian systems are topologically stable in the sense, that any perturbation can only shift them in energy and momentum space (for a review, see Refs. [10, 11] ). Mathematically, in order to find accidental degeneracy of two eigenvalues of a 2×2 Hermitian matrix three independent real parameter must be tuned, which are three components of momentum in three-dimensional crystals. Hence Weyl points of opposite chirality can be only annihilated pairwise. In the non-Hermitian systems Weyl points might be unstable, since less number of parameters are required to find a level degeneracy [20] . Namely, it was shown that in the presence of a non-Hermitian term in the Weyl Hamiltonian, the Weyl point might transform into a flat band with an exceptional nodal ring at the edge of the band [19] . Here we demonstrate that such unusual topological electronic bandstructure can be realized in disordered type-II Weyl semimetal.
In this paper, we investigate the interplay of the disorder scattering and the band-structure topology in Weyl semimetals with a tilt of a Weyl cone. In particular, we calculate the self-energy correction due to electron elastic scattering on disorder to the one-particle Green function within the first Born approximation. We observe that the complex anisotropic dispersion of particles near the type-II Weyl point is given by the eigenvalues of the non-Hermitian matrix, which contains contributions from the Weyl Hamiltonian and complex self-energy. We show that for the case of a tilt in a single direction the type-II Weyl point expands into a flat band, lying on the plane perpendicular to the direction of the tilt as shown in Figs. 1 and 2 . However, a more general form of the tilt might shrink the flat band into a nodal line segment. Let us now show that elastic scattering on disorder in type-II Weyl semimetals might affect the topological properties of the electronic band structure.
We consider a minimal model of a time reversal symmetry-breaking Weyl semimetal with only two nodes of opposite chirality s = ±1 in its bandstructure. The linearized Hamiltonian around each Weyl point is given by
Here σ is a vector composed of the three Pauli matri- ces, v is the Fermi velocity when the tilting parameter is C = 0, and we set = 1 in our calculations. We choose to consider time-reversal symmetry breaking and inversion symmetric tilt such that two Weyl cones are tilted in opposite directions with respect to each other and separated along the e z axis in momentum space (we will discuss the case of general tilt later in the conclusions). The condition |C| = v defines the point of Lifshitz transition between type-I (|C| < v) and type-II (|C| > v) phases of the Weyl semimetal. We consider the short-range impurity scattering potential of the form V (r) = u 0 a δ(r − r a ), where r a labels the impurity positions. We neglect the electron's inter node relaxation rate due to impurity elastic scattering compared to the intra node relaxation rate, assuming that the impurity potential does not mix Weyl fermions at different nodes. We also do not consider Coulomb interaction here.
To proceed, let us now study the effect of disorder on the behavior of the electron Green function. The expression for the disorder induced electron self-energy in the first Born approximation is given by
where n 0 is the impurity concentration and the oneparticle retarded Green functions have the following form
where n = k/|k| is the unit vector in the direction of momentum k. The linearized model is not well applied for computing the self-energy around the Lifshitz transition between type-I and type-II phases of the Weyl semimetal.
Higher-order momentum corrections to the Hamiltonian Eq. 1 become dominant, and the linearized model is not valid. Although it might be applicable in two limiting cases of small, |C| v, and large, |C| v, tilts far from the transition as discussed in Ref. [21] . Hence we proceed by calculating the self-energy due to scattering on disorder in these opposite regimes of the tilt.
In the case v |C| the tilt-dependent correction to the self energy in the linear order in |C|/v has the form
where γ = n0u 2 0 4πv 3 . The tilt modifies the matrix structure of the self-energy. The real part of the self-energy is proportional to ω + µ, which expresses the renormalization of the spectral weight. The divergence of the real part is an artifact of the model of the δ-function impurity potential. Hence, we introduce a momentum cut-off Λ d , which is proportional to the characteristic inverse half-width of the more realistic finite range scattering potential and assume that vΛ d |ω +µ|. The imaginary part defines the electron's inverse mean free time due to elastic scattering on disorder. Finally, the assumption that the impurity potential does not scatter particles between two Weyl nodes, is fulfilled provided that the distance between two Weyl points in momentum space is much larger than Λ 
where
Here both the real and the imaginary parts of the self-energy have divergency with the momentum cut off Λ Λ d . This is now a signature of the presence of unbounded electron-hole pockets in the linearized model. In the computation of the expression in Eq. 5 we consider the limit |C|Λ |ω + µ|, in which Figure 3 . (Color online) The real and imaginary parts of the spectrum Es(k) at kz = 0 as a function of momentum k ⊥ = k 2 x + k 2 y of disordered type-II Weyl semimetal. The spectrum is purely imaginary within the region of momenta 0 ≤ k ⊥ ≤ 1/2|C|τ , where τ is the mean free time and C is the tilt parameter. At k ⊥ = 1/2|C|τ the spectrum has a single imaginary value of −i/2τ . the density of states at the Fermi level is determined by the width of the pockets. Hence the real part and the imaginary part on the second line in Eq. 5 are small correction to the self-energy and will be neglected in what follows.
We are now in the position to find the energy and the decay rate of the electrons by calculating the poles of the disorder-averaged retarded Green function,
where det denotes the determinant of the matrix. In the case v |C| we obtain an equation for the dispersion of particles E s (k) in the form
The physical solution of the forth degree equation Eq. 7 gives the spectrum of particles in the disordered type-I Weyl semimetal E (±)
Let us now see what happens with the dispersion of particles in the disordered type-II Weyl semimetal in the limit |C| v. We find that the spectrum acquires an unusual complex form
At momentum k z = 0, expression for E (±) s (k) in Eq. 8 reduces to
We find that E (±) s (k)| kz=0 is fully imaginary and dispersionless in the region of momenta 0 ≤ k ⊥ ≤ 1/2|C|τ , see Figs. 2 and 3 (we note here that the distance between two Weyl points of opposite chirality in momentum space is considered to be much larger than 1/|C|τ , such that two flat bands do not overlap). Generally, the imaginary part of the spectrum E (±) s (k)| kz=0 has two values in the region 0 ≤ k ⊥ < 1/2|C|τ and a single value in k ⊥ ≥ 1/2|C|τ . The spectrum contains an exceptional nodal ring at momenta k e , which are defined by the equations k
2 τ 2 and k z = 0. An exceptional nodal ring separates the flat band and the dispersive parts of the spectrum. The dispersion relation at the exceptional nodal ring has a single value of −i/2τ , which is purely imaginary. Hence the matrix of the disorder averaged Green function in the momentum-frequency representation at k = k e is defective,
There is a square-root singularity in the vicinity of the exceptional nodal ring E (±)
, which bears a close resemblance to the behavior of the spectrum around the exceptional points in two-dimensional optic and electronic systems [12] [13] [14] [15] [16] [17] [18] . Note however that the spectra of the flat bands on the surfaces of the three-dimensional Dirac systems [5, 6] have no such singularity.
We also compare our results with the case of the Weyl system formed out of cold atom gases with the gain and loss for spin-up and spin-down atoms [19] . In a such system, the imaginary part of the spectrum at the flat band has positive and negative values on the imaginary axis and vanishes at the exceptional nodal ring. In our case the spectrum is contained on the lower half-plane of the complex plane, and the flat band is generated in equilibrium due to the interplay of the disorder scattering and the tilt of the Weyl cone. The physical origin of the flat band in the type-II Weyl semimetal case is the suppression of the probability of scattering on the impurity within the plane perpendicular to the direction of the tilt.
It is important to stress that our calculations are performed for the case when the Weyl cone is tilted along one direction in momentum space. The general case of the tilt can be described by the linearized Hamiltonian around each Weyl point H s (k) = s[C+vσ]·k, where C is a vector. For example the spectrum of particles in a disordered type-II Weyl semimetal for |C x,y | ≡ |C| > v and C z = 0 is given by E (±)
. Hence depending on the values of the tilt parameters either a flat band or a line segment of nodes might be realized in the bandstructure. The line segment with exceptional nodal edge points is a threedimensional analog of the Fermi arc studied in Ref. [18] .
Let us now discuss the effect of tilt on the dispersion of surface states. We consider a boundary at x = 0 of a clean Weyl semimetal. In the volume of the Weyl semimetal x > 0, using the real-space representation of the Hamiltonian H s (k) = s[C + vσ] · k, we search for the wave-function of the surface state in the form Ψ s (r) = exp[−α s x + i(k y y + k z z)] (A s , B s ) T , where α s > 0 and A s , B s are some constants. We apply a condition of the zero current through the surface x = 0, which gives
where integration is performed over the surface of the system. The profound discussion of the problem of boundary conditions on the surface states in Dirac materials is given in [22] . The general boundary condition for the two-component wave function has the form (1, −γ s )Ψ s (r)| x=0 = 0, where the complex parameter γ s (y, z) ≡ a s + ib s in which a s , b s ∈ , might depend on the position at the boundary (here we consider γ s to be constant). This constraint determines the wave function at the boundary Ψ s (r)| x=0 = N (γ s , 1) T , which must nullify Eq. 11 (here N is the normalization factor). Therefore we obtain the equation,
to calculate parameters a s and b s . We see that the boundary condition can not be satisfied for |C x | > v and hence there are no surface states. This result is compatible with Ref. [23] . In the opposite case of v > |C x |, the solution for Eq. 12 can be parametrized by angle θ s as
x − 1 cos θ s , such that we can rewrite
Using the constraint for the wave function at the boundary, we find the equation for the complex parameter 
In the limit of large tilt |C x |/v → 1 at the vicinity of the transition we find
and the spectrum E surf s
To summarize, we find that the localization length becomes zero and the spectral region vanishes in the limit |C x | → v, so that the surface states do not exist in the case |C x | > v. The above discussion qualitatively holds for the disordered Weyl semimetal as long as the localization length of the surface states is much smaller than the electron mean free path in the bulk. It is also instructive to comment on the possible physical realization of the tilted conical spectrum around the Weyl point. An accurate description of the Weyl cone tilting effects might be considered within the model of a Weyl semimetal based on the topological insulator -ferromagnetic insulator multilayer heterostructure [4] . There the separation of two Weyl points is accomplished by breaking time-reversal symmetry due to the exchange coupling of the electron spin and localized spins in the ferromagnet. We argue that taking into account inevitable spin-dependent inter layer tunneling effects in addition to spin-independent tunneling leads to the tilt of the spectrum around the Weyl cones. However, this model might not be general since the tilting of the spectrum can be engineered along the direction of separation of the Weyl points. The details of this proposal and the study of the nonlinear band structure effects around the transition between type-I and type-II Weyl semimetals on moving and merging of the flat bands is beyond the scope of the present paper.
To conclude, we studied the change in the topology of the electronic band structure of a Weyl semimetal by disorder. In particular, we found that in disordered type-II Weyl semimetal the Weyl point expands into a flat band. This results from the anisotropic spectrum of type-II Weyl fermions and the matrix structure of the complex self-energy due to electron scattering on disorder. The interplay of disorder and topological properties of the electronic bandstructure might be studied in MoTe 2 and TaIrTe 4 , which show experimental signatures of the type-II Weyl semimetal phase (for a review, see Ref. [11] ).
Finally, it would be interesting to extend the abovepresented research to the semimetals with tilted nodal line spectra [6] . In particular, we expect the nodal line to acquire a finite width due to disorder, i.e. the nodal line transforms into a flat band of finite width bounded by the exceptional nodal lines.
